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ABSTRACT 



abc 



We discuss D3-branes on cohomogeneity-three resolved Calabi-Yau cones over L 
spaces, for which a 2-cycle or 4-cycle has been blown up. In terms of the dual quiver 
gauge theory, this corresponds to motion along the non-mesonic, or baryonic, direc- 
tions in the moduli space of vacua. In particular, a dimension-two and/or dimension- 
six scalar operator gets a vacuum expectation value. These resolved cones support 
various harmonic (2, l)-forms which reduce the ranks of some of the gauge groups ei- 
ther by a Seiberg duality cascade or by Higgsing. We also discuss higher-dimensional 
resolved Calabi-Yau cones. In particular, we obtain square-integrable (2, 2)-forms for 
eight-dimensional cohomogeneity-four Calabi-Yau metrics. 
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1 Introduction 



The AdS/CFT correspondence relates type IIB string theory on AdSs x S 5 to four- 
dimensional M = 4 U(N) superconformal Yang-Mills theory [HO [3]. More generally, 
type IIB string theory on AdSs x X 5 , where X 5 is an Einstein- Sasaki space such as 
T 1 ' 1 , Y PQ (U [5] or L abc (61 [7J, corresponds to an Af = 1 superconformal quiver gauge 
theory. The dual gauge theories have been identified in [8] for T 1 ' 1 , in [91 [10] for Y pq 
and in dH [121 13] for L abc . 

There is a prescription for mapping perturbations of the supergravity background 
to operators in the dual gauge theory [21 [3] . In particular, motion in the Kahler 
moduli space of the Calabi-Yau cone over the Einstein-Sasaki space corresponds to 
giving vacuum expectation values (vevs) to the fundamental fields, such that only non- 
mesonic operators get vevs. This is because the mesonic directions of the full moduli 
space correspond to the motion of the D3-branes in the Calabi-Yau space whereas 
the non-mesonic, or baryonic, directions are associated with either deformations of 
the geometry or turning on S-fields. This has been studied for a blown-up 2-cycle in 
the resolved conifold in [14J, as well as for a blown-up 4-cycle in the resolved conifold 
|15j . Y pq cones [16] . L abc cones [17] and general Calabi-Yau cones [18] . All of these 
resolved Calabi-Yau cones with blown-up 4-cycles follow the general construction 
given in [191120]. 

In this paper, we shall apply the state/operator correspondence to a general class 
of resolved Calabi-Yau cones over L abc with a blown-up 2-cycle or 4-cycle. These met- 
rics can be obtained from the Euclideanization of the BPS limit of the six-dimensional 
Kerr-NUT-AdS solutions [2T1 122] ^1 In particular, blowing up a 2-cycle or 4-cycle cor- 
responds to giving a vev to a real dimension- two and/or six scalar operator. Although 
cycles are being blown up, in all but two cases there remain singularities [241125] . How- 
ever, there is a countably infinite subset of cases where there is an ALE singularity, on 
which perturbative string dynamics is well-defined. Some of these cases were studied 
in [18]. While adding a large number of D3-branes that are uniformly distributed, or 
"smeared" , on the blown-up cycle ends up inducing a power-law singularity at short 



1 This is the even-dimensional analog of the relation between the Einstein-Sasaki spaces con- 
structed in [23] and odd-dimensional BPS Kerr-NUT-AdS solutions. 
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distance!, the resulting backgrounds can nevertheless be reliably used to describe per- 
turbations around the UV conformal fixed point of the quiver gauge theories. Close 
to the UV fixed point, blowing up a 2-cycle on the L abc cone corresponds to giving a 
vev to an operator that is analogous to the case of the resolved conifold. Therefore, 
we shall refer to these spaces as resolved cones, though it should be understood that 
there are still orbifold-type singularities. 

The supergravity background can also be perturbed by adding a harmonic 3-form 
which lives on the Calabi-Yau metrics. If this is a pure (2, l)-form then supersym- 
metry will be preserved. Furthermore, if this form carries nontrivial flux then it 
corresponds to D5-branes wrapped on a 2-cycle in the Calabi-Yau space. The intro- 
duction of these fractional D3-branes eliminates the conformal fixed point in the UV 
limit of the quiver gauge theory. The theory undergoes a Seiberg duality cascade 
and the ranks of some of the gauge groups are reduced with decreasing energy scale. 
The supergravity solutions corresponding to fractional branes have been constructed 
for the cones over T 11 [27| [28] . Y pq [29] and L abc spaces [30l [31]. Fractional branes 
have also been considered for Calabi-Yau spaces with blown-up cycles, such as the 
deformed conifold [32], resolved conifold [33] and regularized conifold [15], as well as 
the resolved Y pq cones with blown-up 4-cycles [18J. We shall also consider continuous 
families of 3-forms that do not have nontrivial flux. In this case, there remains a 
conformal fixed point in the UV limit of the field theory. It has been proposed that 
the ranks of some of the gauge groups are reduced with decreasing energy scale via 
the Higgs mechanism [34] . 

Since the L abc spaces have cohomogeneity two, the form fields constructed on the 
corresponding Calabi-Yau spaces will generally have nontrivial dependence on the 
radial direction as well as the two non-azimuthal coordinates of L abc . In addition, 
these forms generally break the U(1)r x U(l) x U(l) global symmetry group of the 
theory down to a (7(1) x U(l) symmetry group which, in particular, breaks the R- 
symmetry. However, this is done in such a way that the theory preserves M = 1 
supersymmetry. 



2 This singularity is due to the smearing of the D3-brane charge on the blown-up cycle. A 
completely non-singular solution with D3-branes stacked at a single point on the resolved conifold 
has been constructed l26l. 
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The various perturbations of the AdSs x L supergravity background that will 
be discussed are shown in Figure 1. These perturbations, which can be superimposed 
with one another, correspond to continuous families of Renormalization Group (RG) 
flows from the UV superconformal fixed point of the quiver gauge theory. 




Figure 1: RG flows from the superconformal fixed point of the L abc quiver gauge theory correspond 
to various deformations of the supergravity background. 

The paper is organized as follows. In section 2, we discuss the geometry of the 
resolved Calabi-Yau cones over the L abc spaces. A subset of these are the resolved 
cones over Y pq and their various limits. We find various harmonic (2, l)-forms on these 
metrics, some of which carry nontrivial flux and some of which do not. In section 
3, we apply some of our results to the AdS/CFT correspondence. In particular, we 
relate the perturbations of the AdSs x L abc background to various flows from the UV 
conformal fixed point of the dual quiver gauge theory. In section 4, we consider eight- 
dimensional resolved cones over L pqrs and the various harmonic forms that live on 
them. In section 5, we carry out the corresponding analysis for the higher-dimensional 
resolved cones. Lastly, conclusions are presented in section 6. 

2 Six-dimensional resolved Calabi-Yau cones 

Although the L abc spaces themselves are non-singular for appropriately chosen inte- 
gers p, q, r [HI [7], the cones over these spaces have a power-law singularity at their 
apex. In the case of the cone over T 1 ' 1 , this singularity can be smoothed out in two 
different ways [35]. Firstly, one can blow up a 3-cycle, which corresponds to a complex 
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deformation. The resulting deformed conifold has been crucial for the construction 
of a well-behaved supergravity dual of the IR region of the gauge theory, providing a 
geometrical description of confinement |32j . 




One might hope that a similar resolution procedure could be performed on other 
L abc cones. Although a first-order deformation of the complex structure of Y pq cones 
has been found in [36] , there exists an obstruction to finding the complex deformations 
beyond first order [37, 38J. There is also evidence from the field theory side that 
such deformations will break supersymmetry for the Y pq cones [39l 1401 I4T1 [42] as 
well as for a large class of L abc cones [42] . Nevertheless, there are L abc cones which 
allow for complex structure deformations [371 [38], which can be understood from the 
corresponding toric diagrams [12] However, the explicit metrics for these deformed 
jabc coneS; } e £ a i one the solutions for D3-branes on these cones, are not known. 



Figure 2: A 4-cycle within the base space of a cone over L abc can be blown up. Within this 4-cycle 
lies a 2-cycle. The volumes of these two cycles correspond to two independent Kahler moduli. 

The second way in which the T 1,1 cone can be rendered regular is by blowing up a 
2-cycle [35]. Also, for the case of a cone over T 1 ' 1 /Z 2 , the singularity can be resolved by 
blowing up a 4-cycle. Both of these resolutions are examples of Kahler deformations 
which, as we shall see shortly, can also be performed on the L abc cones C(L abc ). 
Moreover, the 2-cycle actually lives within the 4-cycle, as illustrated in Figure 2. 
This means that there are two Kahler moduli associated with the 4-cycle. For certain 
parameter choices, we can have the 4-cycle corresponds to the Einstein-Kahler base 
space of L abc , whose metric can be obtained by taking a certain scaling limit of a 
3 We thank Angel Uranga for discussions on this point. 




2-cycle 
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Euclideanized form of the Plebanski-Demianski metric [30]. It is also possible to have 
the volume of the 4-cycle vanishes, whilst keeping a 2-cycle blown up. 

It has been found that the cone over Y 2 ' 1 can be rendered completely regular 
by blowing up an appropriate 4-cycle [24J. However this, together with the resolved 
cones over T 1,1 and T 1,1 /Z 2 , constitute the only examples of non-singular resolved 
cones over the L abc spaces [25] . Although we shall refer to these spaces as "resolved" 
jabc coneS; there are generally orbifold-type singularities remaining. In the limit of 
a vanishing 2-cycle, this can be seen simply because at short distance the geometry 
becomes a direct product of M 2 and the four- dimensional Einstein-Kahler base space 
of L abc , which is itself an orbifold. Nevertheless, the resolved cones over L abc can be 
embedded in ten dimensions to give Ricci-flat backgrounds Mink 4 x C (L abc ) , on which 
perturbative string dynamics is well-defined. However, as we shall see in section 3, the 
back-reaction of D3-branes leads to a power-law singularity at short distance. This 
singularity is due to the fact that we are smearing the D3-branes on the blown-up 
cycle. For the case of the resolved conifold, it has been shown that if the D3-branes 
are stacked at a single point then the supergravity solution is completely regular |26j . 

2.1 Resolved cones over Y pq 

Before turning to resolved cones over the general cohomogeneity-two L abc spaces, it 
is instructive first to consider the subset involving the cohomogeneity-one Y pq spaces. 
The resolved cone over Y pq has the metric [21] 

6 AX x + y K 2a J AY y x + y K 2a J Aa v 1 27 

(2.1) 

where 

X = x{x + a)- — , Y = y(a-y) + — , (2.2) 
x y 

and that 

a 3 = dip + cos 8d<fi, <j\ + o\ = d0 2 + sin 2 9 d<fi 2 . (2.3) 

It has been shown that the only completely regular examples are the resolved cones 
over T 1,1 , T 1 ' 1 /^ and Y 2,1 [241125] . We shall now consider various limits of the metric 

(EH). 
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Resolved conifold 



In order to reduce to a resolved cone over T (or T /Z 2 ), we need to select v such 
that Y(y) has a double root. This happens when v = — ^a 3 . Making the coordinate 
redefinition 

2 ~ 2a 
y = ^a + ecos9, v = -^a 3 + \ae 2 , r = — — <p , a 3 ^a 3 + —dr, (2.4) 

and setting the parameter e to zero, we find that the metric becomes 
x 4- -a X 

ds ® = ay dx2j[ — 1 ^(or 3 +cos 9 d(p) 2 +l(x+la)(d9 2 +sin 2 9 d(p 2 ) + lx (a^+aj) . 

(2.5) 

If /j, = 0, there is a blown- up S 2 and the solution describes the resolved conifold 
If, on the other hand, a = 0, then there is a blown- up 5* 2 x S 2 and the solution 
describes the regularized conifold [15]. In fact, it has been shown that one can always 
blow up a 4-cycle on any cone over an Einstein-Sasaki space [T9|, EH] . We shall now 
take a look at the analogous limits for the resolved cones over the Y pq spaces. 

The a = limit 

If we let y —>■ ay, v — > o?v and then take a — > 0, we obtain the limit 



AX x y 2 * ' I AY 



dy 



2 



ds 2 = —dx 2 + -(dr + lya 3 ) 2 + x + F a 2 + iy((T 2 + a 2 ) , (2.6) 



where 



2 2/x ^ /1 N 2z/ 



X = x 2 --^, Y = y(l-y) + — . (2.7) 
re y 

There is a single Kahler modulus, which corresponds to a blown-up 4-cycle with a 
volume parameterized by /i. This is the analog of the resolved cone for general Y pq 
spaces. However, unlike the T 1,1 /Z2 case, this metric has an orbifold-type singularity 
at its apex, since the geometry reduces to the direct product of M 2 and an Einstein- 
Kahler orbifold. 

The n = limit: blowing up 2-cycles 

One can also consider the limit in which /x vanishes, in which case x runs from 
to asymptotic oo. Near x = 0, we can express the metric as 

ds 2 = y(dr 2 + ±r 2 (a 3 + 2 -dr) 2 + ir> 2 + a 2 ) + ^) + Y(dr - |r 2 a 3 ) 2 , (2.8) 



where x = r 2 . At r = there is a collapsing 3-sphere, instead of a circle as in 
the previous limit. There is a single Kahler modulus corresponding to the volume 
of a blown-up 2-cycle, which is parameterized by a. However, unlike the analogous 
resolved conifold for which there is a smooth 2-sphere, in general this 2-cycle is a 
"tear-drop" with a conical singularity. 

Calabi-Yau structure 

The Calabi-Yau structure on the metric (12.11) is given by a Kahler form J and a 
holomorphic (3, 0)-form G( 3 ). These can be expressed in the complex vielbein basis 

e x = e x + \e\ e 2 = e 3 + ie 4 , e 3 = e 5 + ie 6 , (2.9) 

where the vielbein is conveniently chosen to be 

4 / Y ( 7 x \ c fxy 6 

e = v^r-2^ 3 )' e = v^ ai ' e = 

The Kahler 2-form is then given by 

J=ie*Ae\ (2.11) 
and the complex self-dual harmonic (3, 0)-form is given by 

G (3) = e - 3ir e 1 A e 2 A e 3 = W m + i *W (3) . (2.12) 



x + y 
4F 



dy, 




0"2 • 



(2.10) 



Harmonic (2, l)-forms 

We are interested in harmonic (2, l)-forms that live on the resolved Y pq cones, 
since their presence preserves the minimal supersymmetry of the theory. We find 
there exist the following five such (2, l)-forms: 

g— 3ir g— 3ir Q^ 1T 



$i = — -eiAe 2 Ae 3 , $ 2 = — — e 2 Aei Ae 3 , $ 3 = —e 3 AeiAe 2 

x X yY xy X Y 

$ 4 = Fn= — 7=e2A(e 3 Ae 3 -eiAei) ^eiA e 3 Ae 3 -e 2 Ae 2 

Jx+y \x\/Y v\/X 



VX + y V Xv /y yy/X 

$ 5 = — L=( — l^ e2 A(e 3 Ae 3 -e 1 Ae 1 ) + — ^= ei A(e 3 Ae 3 -e 2 Ae 2 ) ) . (2.13) 
Vx+y\ x 2 vY y 2 VX 



All of these forms have singularities at all distances x, for certain values of y, except 
for $1, which has a singularity only at small distance. $1 has a rapid fall off at large 
distance, such that it does not support nontrivial flux. On the other hand, in the 
large-x limit the last harmonic form behaves like 

2 1 1 / 

$5 = 70i A tr 2 A (tr 3 H — dr) + — a z AdrAdy+ — [-2a 1 Aa 2 AdT 

y 2y 2 4x \ 

+i \(-a 1 Aa 2 -\a 3 Ady)Adx + ^-a 1 Aa 2 Ady\)+0(\). (2.14) 
L y y z Y J / x 2 

This indicates that this form does support nontrivial flux. In the a = limit, in 
which we have first rescaled y — > ay, $ 4 and $5 reduce to the same form. This form 
has a singularity that is confined to small distance. 



2.2 Resolved cones over L abc 

We now turn to the resolved cones over the general cohomogeneity-two L abc spaces. 
The metric is given by [22] 

ds 2 = \(u 2 dx 2 + v 2 dy 2 + w 2 dz 2 ) + -^(dr+(y+z)d<j)+yzdifj) 2 

u 2 

1 1 
H — -(dr + (x+z)d(j)+xz dip) 2 H — -(dr + (x+y)d(j)+xydip) 2 , (2.15) 
v 1 w 2 



where the functions u, v, w are given by 

2 _ (y-x)(z-x) 2 _ (x-y)(z-y) 2 _ (x-z)(y-z) 

u - x v - Y w - z 

X = x(a-x)(P-x)-2M , Y = y(a-y)((3-y) -2L X , 

Z = z(a-z)(P-z)-2L 2 . (2.16) 

Notice that the coordinates x, y and z appear in the metric on a symmetrical footing. 
We shall choose x to be the radial direction, and y and z to be the non-azimuthal 
coordinates on the L abc level sets. This reduces to the Y pq subset when a = p — q, 
b = p+q and c = d = p. 

Calabi-Yau structure 

The complex vielbein can be written as 

e^^ + ie 2 , e 2 = e 3 + ie 4 , e 3 = e 5 +ie 6 , (2.17) 
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in the vielbein basis 

1 

e 1 = ^udx, e 2 = —(dT+(y+z)d(j)+yzd4>), 
e 3 = ^vdy, e 4 = -(dr+(x+z)d(p+xz dip) , 
e 5 = \wdz, e 6 = — (dr+(x+y)d(f)+xydijj) . (2.18) 

Then the Kahler 2-form and complex self-dual harmonic (3, 0)-form are given by 

J= l -e l Ae i) G { : i) = e iu e 1 Ae 2 Ae 3 , (2.19) 

where 

v = 3T+2(a+[3)(f)+a[3ilj . (2.20) 

Harmonic (2, l)-forms 

There is a harmonic (2, l)-form given by 

f 1 = i- e VAe 3 . (2.21) 
Using this, one can then construct a general class of harmonic (2, l)-forms 

*i=/(7)*i, (2-22) 

for any function / so long as d^A^&x = 0. This orthogonality condition is obeyed by 

Y7 

7 = — e i2 \ (2.23) 
as can be seen by calculating its exterior derivative: 

« = (,-,)(,_.-)(.-,) {<y-*)x'?-v(z-*)Y'S-«>(*-y)z^) ■ (2.24) 

We can consider the special case for which 

where 5 is a continuous parameter. Due to the v dependence, this field only preserves 
U(l) 2 of the U(l) 3 isometry of the six-dimensional space. Although the full U(l) 3 
is preserved for 5 = —1/2, the form field would blow up at the degeneracies of X, 
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Y and Z, which would lead to a singular surface in the ten-dimensional geometry. 
In order for the singularity to be confined to X = 0, so that we have a reasonable 
gravity description near the UV region of the dual field theory, we require that 5 > 0. 
We find there exist the following (2, l)-forms: 

$i = /(^ ei2 ^)x" lAe2Ae3 ' 

$3 = /(^e'^^Ae'Ae 3 , ( 2 - 26 ) 
$4 = aii4e 1 A(e 2 Ae 2 -e 8 Ae 3 )+a 2 Se 2 A(e 3 Ae 3 -e 1 Ae 1 ) 

+ a 3 Ce 3 A(e 1 Ae 1 -e 2 Ae 2 ), 
$ 5 = 6iAxe 1 A(e 2 Ae 2 -e 3 Ae 3 ) + 6 2 %e 2 A(e 3 Ae 3 -e 1 Ae 1 ) 

+ 6 3 Cze 3 A(e 1 Ae 1 -e 2 Ae 2 ), 

where 

A' 1 = (y-z) 2 y/(y-x)(z-x)X, B' 1 = (x- zf y \x-y)(z-y)Y , 

C- 1 = (x-y)W(x-z)(y-z)Z, (2.27) 

and di and are constants which satisfy the conditions ai + a 2 + a^ = and &i + 
^2 + ^3 = 0. Notice that the first three forms in (12.271) are related to each other by 
interchanging the x, y and z coordinates, while the last two forms remain invariant. 
This reflects the fact that the x, y and z coordinates appear in a completely symmetric 
manner in the metric of the resolved cone over L abc . $i has a singularity that is 
confined to small distance, as do $4 and $5 if one performs the rescaling y — > ay, 
z — >• az and then takes the limit a — > 0. $4 and $5 have nontrivial flux, while $1 
does not. 

In the cohomogeneity-two limit, the resolved L abc cones reduce to the resolved Y pq 
cones. In this limit, $4 and $5 reduce to the corresponding forms given in (12.13p . 
while the first three forms generalize those in (I2.13P to include an arbitrary function 
/. In particular, taking / = 1 reproduces the $1 and $ 2 in (12.131) . whilst taking / to 
be the inverse of its argument reproduces $3. 
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3 D3-branes and the AdS/CFT correspondence 



A supersymmetric D3-brane solution of the type IIB theory with six-dimensional 
Calabi-Yau transverse space is given by 

ds = H~2(-dt 2 + dxl + dxl + dxl) + H2dsl, 
F5 = G (5) + *G (5) , G (5) = dtAdxiAdx 2 Adx 3 AdH~ 1 , 
F m = F™+iF$* = mu> w , (3.1) 

with 

D 6 H = m 2 \u (3) \ 2 . (3.2) 

Here the \3q is a Laplacian of the Calabi-Yau metric ds\ and uo (3) is a harmonic 
(2, l)-form in ds\. We shall refer to this as a modified D3-brane solution, owing to 
the inclusion of the additional 3-form. If this 3-form carries nontrivial flux, then it 
corresponds to fractional a D3-brane. 

We shall take the six-dimensional metric ds$ of the transverse space to be the 
resolved cone over L abc . We first consider the case of vanishing m. It was shown in 
[l3l HU US] that the Klein-Gordon equation for the general AdS-Kerr-NUT solutions 
constructed in [22] is separable. Since our metrics arise as the Euclideanization of the 
supersymmetric limit of AdS-Kerr-NUT solutions, the corresponding equation for H 
is hence also separable. To see this, we consider a real superposition of the ansatz 

H = H X {X) H 2 {y) H 3 (z) e 2i K^-a^+a 2 r) _ (3 3) 

In general, this ansatz breaks the U(l) 3 global symmetry. 
The Laplace equation is then given by 



= 



1 




(a + aix+a 2 x 2 ) 2 \ 


(y — x)(z — x 


)V ffi 


X J 


1 


((YH> 2 )> 


(ao + a^+a^ 2 ) 2 


(x-y)(z- 




Y 


1 


((ZH' 3 y 


(ao + aiz + a 2 z 2 ) 2 - 


(x-z)(y- 


z)\ H 3 


Z 



) , (3-4) 



where a prime denotes a derivative with respect to the separated variable associated 
with the function Hi. This equation can be expressed as three separate equations in 
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x, y and z: 

(AifJ-^ — Vh+bixjHx = 0, 

(ZH ,y_ ^+^+™Y +bo+biz y 3 = „_ (3JS) 

where 60 and 61 are separation constants. These equations do not have explicit closed- 
form solutions for general a; and 6j. We shall consider the simplest solution obtained 
by setting all of the and hi to zero and letting H depend on x only. The solution 
is given by 

H _ ^ <h log(g-xi) | c\ log(a:-x 2 ) | c x log(g-g 3 ) 

(x 1 -x 2 )(xi-x 3 ) (x2-xx)(x 2 -x 3 ) (x 3 -x l )(x 3 -x 2 ) ' 

where xi,x 2 and x 3 are the three roots of X, satisfying 

xi+x 2 + x 3 = a+j3 , XiX 2 + XiX 3 +x 2 x 3 = a P , x x x 2 x 3 = 2M . (3.7) 

Consider the radial coordinate x with x% < x < 00. Then the function H has a 
logarithmic divergence at x\. 

We now consider solutions for which the 3-form u (3) is turned on. A simple solution 
can be obtained by rescaling y — > ay, z (3z and then taking the limit a = (3 = 0. 
The general construction of [191 120] is recovered for the case of this class of resolved 
L abc cones |17j . We can then take u; (3) to be the harmonic (2, l)-form given by 
(I2.2ip . Then, for a certain choice of integration constants, the resulting H is given 
by 

H= 18M(x3-2M)' (3 ' 8) 

which diverges at a; 3 = 2M. 

The divergence of the H function in both (13.61) and (13.81) corresponds to a naked 
singularity in the short-distance region of the geometry. This singularity of the D3- 
brane solution arises even in the case of the resolved cone over Y 2,1 , which itself is 
completely regular [24|. This singularity is due to the fact that the D3-branes have 
been smeared over the blown-up 4-cycle. A shell of uniformly distributed branes 
tends to be singular at its surface. For the case of the resolved conifold, in which 
there is a blown-up 2-cycle, a completely regular solution has been found for which 
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the D3-branes are stacked at a single point [26]. This involves solving the equations 
(13.51) for the case of T 1,1 for which there is a delta function source. The solution is 
expressed as an expansion in terms of the angular harmonics. It would be interesting 
to explore than analogous construction for the resolved L abc cones. All of these other 
examples, with the sole exception of Y 2,1 , will still have orbifold singularities. 

Another possible way in which regular solutions can be obtained is to blow up a 
3-cycle instead of a 4-cycle. Then an appropriate 3-form would prevent the 3-cycle 
from collapsing, as in the case of the deformed conifold [32]. As already discussed in 
the previous section, while there exists an obstruction to complex deformations of Y pq 
cones there are other subsets of the L abc cones which do allow for complex structure 
deformations [371 EH EG] ■ However, the explicit metrics for these deformed L abc cones 
are not known. 

Although the solution describing D3-branes on a resolved L abc cone becomes sin- 
gular at short distance, we can still use this background at large distance to study 
various flows of the quiver gauge theory in the region of the UV conformal fixed point. 
At large x, i\3.2h becomes 

^d x [xd x H^j =mV(3)| 2 , (3.9) 

where X is given by (I2.16p . Note that this equation applies for arbitrary a and /3, 
since for large x we can consistently neglect the dependence of H on the non-azimuthal 
"angular" coordinates y and z. Again considering the case of the self-dual harmonic 
(2, l)-form \&i given by ( 12.21| . the resulting asymptotic expansion of H is 

H=%(l + ^+ C -\+ C -\ + ---), (3.10) 

X V X X X A J 

where 

2 

c 2 = -(a+P), 

c 4 = ^(a 2 + a(3+p 2 ) , 

,2 



C 6 



l(^ + 12(a 2 +/3 2 )(a+/?) + 2M) . (3.11) 

We have set an additive constant to zero so that the geometry is asymptotically 
AdSs x L abc . This can be seen from the leading x~ 2 ~ r -4 term in H (since x has 
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dimension two, we can take x ~ r 2 for large x). The transformation properties and 
dimensions of the operators being turned on in the dual field theory can be read off 
from the linearized form of the supergravity solution (13.11) . The metric perturbations 
due to H have the same form as those within the metric ds\ itself. Therefore, from 
the asymptotic expansion of H given in (I3.10p . we can read off that there are scalar 
operators of dimension two, four and six with expectation values that go as C2, C4 and 
Cg, respectively. This is consistent with the perturbations of the 2-form and 4-form 
potentials. We shall now discuss the gauge theory interpretation of the blown-up 
2-cycles, as well as the 3-form, in more detail. 

Blown-up 2-cycle 

First, we consider the case with vanishing M, for which the six-dimensional space 
is the L abc analog of the resolved conifold, in the sense that there is a blown-up 2- 
cycle. The volume of the 2-cycle is characterized by the parameters a and j3. This is 
a global deformation, in that it changes the position of the branes at infinity |18j . 

The parameters a and f3 specify the expectation values of dimension n non-mesonic 
scalar operators in the dual gauge theory. For the case f3 = —a, C2 and cq vanish, 
while C4 can only vanish for a — f3 — 0. To identify the specific dimension-two 
operator whose expectation value goes as c 2 , it is helpful to consider the description 
of the resolved cone over L abc in terms of four complex numbers Zj which satisfy the 
constraint 

4 

Y^Q l \z l \ 2 = t, (3.12) 

i=l 

where one then takes the quotient by a U(l) action [9]. The parameter t is the area 
of the blown-up CP 1 and corresponds to the coefficient of the Fayet-Iliopoulos term 
in the Lagrangian of the field theory. The Zi correspond to the lowest components of 
chiral superfields. This can be described as a gauged linear sigma model with a U(l) 
gauge group and 4 fields with charges Qi. Then the above constraint corresponds to 
setting the D-terms of the gauged linear sigma model to zero to give the vacuum. For 
the L abc spaces, the Qi are given by Qi = (a, — c, b, —d) where d = a + b—c [II] . The 
requirement J2t=i Qi = ® guarantees that the 1-loop /5-function vanishes, so that the 
sigma model is Calabi-Yau. 
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Since t acts as a natural order-parameter in the gauge theory, from (13.1 2D it is rea- 
sonable to suppose that blowing up the 2-cycle corresponds to giving an expectation 
value that goes as c 2 to the dimension-two scalar operatoic 

K = aA ol A 6l -cB & B 6l +bC a C a -dD 6l D a . (3.13) 

This operator lies within the U(l) baryonic current multiplet. Since this conserved 
current has no anomalous dimension, the dimension of K, is protected. /C reduces to 
the operator discussed in [18] for the case of a resolved cone over T 11 /Z 2 , for which 
a = b = c = d=l. 

Blown-up 4-cycle 

For nonvanishing M in the function X, one generically blows up a 4-cycle. Unlike 
the case of a blown-up 2-cycle, this is a local deformation since it does not change the 
position of the branes at infinity |18j . In the limit of vanishing a and /3, one recovers 
the general construction obtained in [T9l [20] that has been recently discussed in 
[T6l [13, [IE]. Also note that c§ vanishes for the appropriate values of M, a and (3. 

It has been shown that the number of formal Fayet-Iliopoulos parameters can be 
matched with the possible deformations, which is suggestive that the dimension-six 
operator that is turned on is associated with the gauge groups in the quiver. Although 
the specific operator has not been identified, it has been proposed that they are of 
the schematic form [18] 

O; ^r, ;; VV. ; VV- ; . (3.14) 

9 

where the gauge groups in the quiver have been summed over, W g is an operator 
associated with the field strength for the gauge group g, and Cj j9 are constants. The 
dimension-six operator might also have contributions from the bifundamental fields 
of the form 

a x A a A a B h B h CpCP+aiA a A a B & B h D-pD'P+azA a A^ 

(3.15) 

where the dj are constants. It is proposed that a particular combination of all of 
these terms in ( 13. 14j) and (13.151) correspond to the blown-up 4-cyck0. One possibility 



4 We thank Amihay Hanany and Igor Klebanov for correspondence on this point. 
5 We thank Sergio Benvenuti for correspondence on this point. 
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is that the contributions from the bifundamental fields in (13. 151) are present only when 
a and j3 are nonvanishing. 

Turning on the 3-form 

Turning on a 3-form results in the ranks of some of the gauge groups of the dual 
quiver gauge theory being reduced with decreasing energy scale. For the case in 
which the 3-form has nontrivial flux, the theory undergoes a Seiberg duality cascade 
[271 ES, E2] . On the other hand, the 3-form given by ( 12.21R does not have nontrivial 
flux. For a case such as this, it has been proposed that the reduction in ranks of gauge 
groups is due to Higgsing [31]. In particular, from (I3.10p . we see that the parameter m 
associated with the 3-form also contributes to the expectation value cq of a dimension- 
six scalar operator. An additional effect of this 3-form is that the U(l) R-symmetry 
is broken. The theory still preserves M = 1 supersymmetry. 



4 Eight-dimensional resolved Calabi-Yau cones 
4.1 Cohomogeneity-two metrics 

We now turn to eight-dimensional Calabi-Yau spaces, which can be used to construct 
M2-brane solutions of eleven-dimensional supergravity. Before considering the general 
co homogeneity- four resolved cones over L pqrs , we shall first look at the cohomogeneity- 
two metrics, which can be built over an S 2 x S 2 base space. These metrics are given 
by [2H [22] 



u 



X 



\u 2 dx 2 + \v 2 dy 2 + 



■us 



1 

+ - 

x+y 
X 



x 



dr- — (a (s) + a 3 
6a 

2 x +y 
v = — 



dr+^-{a 3 + a 3 ) 

1 2 

i 2/ 2 , 2 , ~2 , ~2\ 



xy 



6a 

x{x+a)-^, Y = y(a-y)^ — - , 
x z y A 



(4.1] 



Completely regular examples were discussed in [23] . 
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Calabi-Yau structure 

We can define the vielbein basis 

1 y 

e 1 = ±udx, e 2 = — (dr + ^-(a 3 + a 3 )) , e 3 = \v dy , (4.2) 
z u 3a z 

e 4 = -(dr— — (cr 3 +<7 3 )) , e 5 = c<7i, e 6 = ca 2 , e 7 = ca 1 , e s = ccr 2 , 
v 3a 

and then the complex vielbein 

ei = e 1 + i e 2 i e 2 = e 3 + ie 4 , e3 = e 5 + j e 6 ; e4 = e 7 + ie 8_ (^3) 

The Kahler 2-form and holomorphic (4, 0)-form are given by 

J=\iKi, (4.4) 



and 



Harmonic (2, 2)-forms 



G (i) = e- 4i VAe 2 Ae 3 Ae 4 . (4.5) 



We find four self-dual (2, 2)-forms; they are given by 

(eiAei + e2Ae2)A(e3Ae3 + e4Ae4)-2(eiAeiAe 2 Ae2 + e3Ae3Ae4Ae4) 



$ 3 



x 3 y 3 

(eiAei-62Ae 2 )A(e3Ae3-e 4 Ae4) 

xy(x+y) 2 
s" 4ir (eiAe2Ae3Ae4+eiAe2Ae 3 Ae 4 ) 
x V XY 



(e 1 Ae2-e 1 Ae 2 )A(e 3 Ae 3 + e4Ae4) , . r . 

<P 4 = -= . (4.6) 

xyVXY 

Notice that $i and $2 are square integrable, in that they are well behaved at both 
small and large asymptotic distance. For the cases in which the eight-dimensional 
Calabi-Yau spaces are regular [25J, these harmonic forms can be used to construct 
completely non-singular M2-brane solutions to eleven-dimensional supergravity. 
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4.2 Cohomogeneity-four metrics on resolved cones over L pqrs 

We now turn to the general cohomogeneity-four metrics on resolved Calabi-Yau cones 
over the seven- dimensional Einstein-Sasaki spaces L pqrs , which can be written as [22] 

ds\ = j(uldxl+uldxl+uldxl+u1dx1) 

+ — ~ [dr + (x 2 +x 3 + xA d(j) + (x 2 x 3 + x 2 x 4 + x^x^dip + x 2 x 3 x 4 <ix] 2 

H — g [dT+ (xi+xs+x^d^+^xiXs+xiXi+xsx^dip+xiXsXidx] 2 

H 2 [d T + {Xi+X2 + X4 : )d<j)+(XiX2+XiX4 1 + X2X4)dll) + XiX2X4 1 dx] 2 



4 

■— [dr+(x 1 +x 2 +x 3 )d(j)+(x 1 X2+XiX 3 +X2X 3 )d'ilj+x 1 X2X 3 dx] 2 , (4.7) 

1*4 



where 



2 (X 2 —X 1 )(X 3 —X 1 )(X4—X 1 ) 2 _ (Xi-X2)(x 3 -X2)(x4-X 2 ) 

— ~ l ^9 



*i X 2 
2 (xi -x 3 ) (x 2 -x 3 ) (x 4 -x 3 ) 2 _ (^1-^4) (#2 -X4) (x 3 -x 4 ) 

% " x 3 ' Ui ~ x 4 

Xi = xi(a— xi)(b— Xi)(c— x{) — 2M\ , 

X 2 = x 2 (a-X2)(b-X2)(c-X2)-2M 2 , 

X 3 = x 3 (a-x 3 )(6-x 3 )(c-x 3 )-2M 3 , 

X 4 = x 4 (a-:r 4 )(&-x 4 )(c-:r 4 )-2M 4 . (4.8) 

Calabi-Yau structure 

We shall choose the vielbein basis 

e 1 = \u\ dx\ , u 3 = \u2 dx2 , e 5 = \u 3 dx 3 , e 7 = |w 4 , 
e 2 = — [dr+(a;2 + x 3 +a;4)(i0+(a;2X 3 + X2X 4 +a; 3 X4)(i^+a;2X 3 a;4(ix] , 

U\ 

e 4 = — [o?r + (x j + :c;j + x 4 ) d0 + (x 1X3 + :c 1 x 4 + x 3 :c 4 ) dz/> + x 1 x 3 x 4 , 
U2 

e 6 = — [<ir-|-(xi-|-X2+a;4)(i0+(xia;2 + xix 4 -|-X2a;4)(i'?/'+xiX2X4(ix] , 
u 3 

e 8 = — [dr+(xi + x 2 +a; 3 )d0+(xiX2 + xix 3 +X2X 3 )d?/'+xiX2X 3 dx] • (4.9) 
U4 

The holomorphic vielbein are then given by 

e l = e l +ie 2 , e 2 = e 3 +ie 4 , e 3 = e 5 +ie 6 , e 4 = e 7 +ie 8 . (4.10) 
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Defining 



J = ^(e^ + eW + e^ + ^Ae 4 ), 



ft = e^Ae^Ae 4 , (4.11) 

where 

v = 4 T+ s(a + b+c) (j)+2(ab+bc+ca) ip + abcx, (4.12) 
it is straightforward to verify that 

dJ = 0, dtt = 0, (4.13) 

and hence that the metric is indeed Ricci-flat Kahler, with J being the Kahler form 
and £1 the holomorphic (4, 0)-form. 

Harmonic (3, l)-forms 

We find that harmonic (3, l)-forms can be constructed as follows. First, it can be 
verified that 

G , (3,i) = ^e i ^e 1 Ae 2 Ae 3 Ae 4 (4.14) 
is closed, and hence harmonic. Next, we define the function 



W^ff^e'", (4is) 



which can be shown to satisfy the relation 



<h = 7 ~T7~ w r(u 1 (x 2 -x 3 )(x 2 -x i )(x A -x 3 )X' 1 e 1 

u 2 UzU A (x 1 -x 2 )(x 1 -x ?> )(x 1 -x i ) \ 

-u 2 (x 3 -x 1 )(x 3 -x 4 )(x 4 -x l ) X' 2 e 2 +u 3 (x 1 -x 2 )(x 4 -Xi)(x 4 -x 2 ) X' 3 e 3 
+m 4 (xi-x 2 ) (x 3 -x 1 )(x 2 -x 3 )X' 4 e 4 j , (4.16) 

where X[ denotes the derivative of X, with respect to its argument Xi. It therefore 
follows that G^yAG^i) = 0, and so 

*(3,i) = /(7) G ( 3,i) (4.17) 

is a harmonic (3, l)-form for any function /. In particular, we have a family of 
harmonic (3, l)-forms given by 

* (3 ,i) = X ^lf ! e^+We 1 Ae 2 Ae 3 Ae 4 (4.18) 
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for any constant 5. For nonzero 5, these forms preserve only a U(l) 3 subgroup of 
the t/(l) 4 isometry of the eight-dimensional space. Note that ^(3,1) has a singularity 
only at short distance if 5 > 0, where we have taken x\ to be the radial direction. 
Additional harmonic (3, l)-forms can be constructed by permuting the Xi directions, 
but these forms have singularities for all X\. They are analogous to the (2, l)-forms $1, 
$2 and $3 in (I2.27P for a six- dimensional space, and they do not support nontrivial 
flux. 

Harmonic (2, 2)-forms 

We can also construct harmonic (2, 2)-forms as follows. We define (2, 2)-forms 

G {2 ,2) = f(e 1 Ae 1 Ae 2 Ae 2 + e 3 Ae 3 Ae 4 Ae' 1 ) 
+( ? (e 1 Ae 1 Ae 3 Ae 3 + e 2 Ae 2 Ae 4 Ae 4 ) 

+h (^Ae 1 Ae 4 Ae 4 + e 2 Ae 2 Ae 3 Ae 3 ) , (4.19) 

where /, g and h are functions of (xi, X2, x 3 , x 4 ). Imposing the closure of G( 2j2 ) leads 
to three independent solutions for /, g and h, namely 

f = g = h=l, (4.20) 



and 



/ 



9 



f 
9 



(x 1 -x 2 ) 2 (x 1 -x 3 )(x 2 -x 4 )(x 3 -x 4 ) 2 ' 
Xi {2x 4 -X2-x 3 ) J rX 2 (2x 3 -x 4 )-x 3 x 4 

(x 1 -X2) 2 (Xi-X 3 ) 2 (x 2 -X A ) 2 (x 3 -X 4 ) 



2 



{X 1 -X2){X 1 -X 3 ) 2 (X 2 -X 4 ) 2 (X 3 -X 4 ) ' ^' 21y 



1 



(xi - x 3 ) (x 2 - x 3 ) 2 (xi - x 4 ) 2 (x 2 - x 4 ) 

1 



(X 1 -X 3 ) 2 (X2-X 3 )(X 1 -X 4 )(X 2 -X 4 ) 



2 



h _ xi (x 3 +x 4 -2x 2 )+x 2 {x 3 +x 4 )-2x 3 x 4 ^ 

(Xi — X 3 ) 2 (x 2 - X 3 ) 2 (xi- X 4 ) 2 (X2- X 4 ) 2 

These forms are somewhat analogous to the (2, l)-forms $4 and $5 given in (12.271) 
for a six-dimensional space. The first solution, (I4.20p . is just the harmonic (2, 2)-form 
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J A J. It follows from ( 14. 19ft that J AG (2,2) is proportional to (f+g+h), and so J AG (2,2) 
is non-zero for (I4.2(jp . However, each of the solutions (I4.2ip and (14.221) satisfies 
f + g + h = 0, and so these two harmonic (2, 2)-forms satisfy the supersymmetric 
condition 

JAG (2 ,2) = 0. (4.23) 

Notice also that these harmonic (2, 2)-forms are square integrable. These can be used 
to construct modified M2-brane solutions, which have only orbifold-type singularities. 
Note that none of these cohomogeneity-four Calabi-Yau spaces are completely regular 



4.3 M2-brane solutions 

We can use these eight-dimensional spaces, and the harmonic 4-forms which they sup- 
port, to construct a modified M2-brane solution to eleven-dimensional supergravity, 
given by 

ds 2 n = H-^i-df + dxj + dxD+H^dsl 
F (4) = dtAdxiAdx 2 AdH~ 1 +mL w , (4.24) 

where 

UH = -^m 2 L 2 (4) , (4.25) 

and L( 4) is an (anti) self-dual harmonic 4-form on the eight-dimensional space with 
the metric ds^. 

Let us first consider the case with m = 0, for which the Laplace equation on the 
Calabi-Yau metric is separable. The solution for general dimensionality is presented 
in the appendix B. Here we just give a solution for the eight-dimensional case that 
depends only on the radial variable x\\ it is given by 

Thus in the asymptotic region at large x±, the function H has the behavior 



H = % +•••) , where c 2 = |(a+/3+ 7 ). (4.27) 
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We have taken an arbitrary additive constant to zero, so that the geometry is asymp- 
totically AdS4xL pi3rs . Since X\ has dimension two, we see that there is a non-mesonic 
dimension-two scalar operator being turned on with expectation value c%. 

It is especially interesting to construct M2-brane solutions using one of the square- 
integrable harmonic (2, 2)-forms that we found previously, since this guarantees that 
with the appropriate integration constants the only singularities are of orbifold type. 
This is because the 4-form prevents the blown-up 4-cycle from collapsing. Moreover, 
examples of regular eight-dimensional Calabi-Yau spaces that have been discussed 
in [25] can be used to construct completely non-singular M2-brane solutions. The 
resulting geometry smoothly interpolates between AdS4 x L pqrs asymptotically, and a 
direct product of Minkowski 3 and a compact space at short distance. Many examples 
of cohomogeneity-one solutions of this type were constructed in [4"9 l 1501 15T] . Although 
not much is known even about the UV conformal fixed point of the dual three- 
dimensional M = 2 super Yang-Mills field theory, based on the geometrical properties 
of the supergravity background it flows to a confining phase in the IR region. 



5 Harmonic forms on higher-dimensional resolved 
cones 

In this section, we extend some of the constructions of harmonic middle-dimension 
forms to the case of higher-dimensional metrics on the resolutions of cones over 
Einstein-Sasaki spaces. We take as our starting point the local Ricci-flat Kahler 
metrics in dimension D = 2n+4 that were considered in [25J: 

X r ii i2 Y r t ~i 2 



ds 



7-2 



a 



x +y, 2 

-4X dX - 
dip + A, 



x+y 
X 



dy< 



x+y 



dr-\ — o 


2 y 


L x 1 


+ 


dr a 


a - 


x+y 


a . 



+^dz; 

a 



x(x+Q 0~^' Y = y(a-y)+— 



(5.1) 



where dY? n is a metric on a 2n-dimensional Einstein-Kahler space Z, satisfying R a ^ = 
2(n + l) g a bi with Kahler form J = ^dA. (We have made some minor changes of 
coordinates compared to the metric presented in |25j.) For convenience, we shall set 
the constant a to unity. This can always be done, when a ^ 0, by means of coordinate 
scalings together with an overall rescaling of the Ricci-flat metric. The special case 
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a = can be recovered via a limiting procedure. 
Next, we define the 2-forms 



uj x = jdxA(dr+y a) , uj y = \dy /\(dr — x a) , uj = xy J . (5.2) 

It can easily be verified that J = uj x —uj y +uj is closed and, in fact, this is the Kahler 
form of the Ricci-flat Kahler metric (|5.ip . In the case that n is even (n = 2m), we 
find that the middle-degree form 



G ^m + 2) ~ {xy)2m+1 



u x Au y Au m - 1 + -^—{u x -u v )Au m oo m+1 ] (5.3) 

m+1 m(m+l) J 



is closed. Since it is also self-dual, it follows that it is a harmonic form. This gener- 
alises the harmonic (2, 2)-form $! in eight dimensions given in (14.61) and is somewhat 
analogous to the (2, l)-forms $4 and $5 given in (12.271) for a six dimensions. 

Further harmonic forms can be obtained if one takes the Einstein-Kahler base 
metric dE^ to be a product of Einstein-Kahler metrics. For example, if we choose it 
to be the product of metrics on two copies of CP m (recall that we are considering the 
case where n = 2m is even), with Kahler forms J\ and J2 respectively (so J = J1 + J2), 
then defining 

uji = xyJi, u 2 = xy J 2 , (5.4) 

we find that 

5(2m + 2) = (x + y)Hxyr K+^B- 1 )^^ ( 5 - 5 ) 
is closed and self-dual, and therefore it is harmonic. 



6 Conclusions 

We have investigated the Kahler moduli associated with blowing up a 2-cycle or 
4-cycle on Calabi-Yau cones over the L abc spaces. This yields a countably infinite 
number of backgrounds with ALE singularities on which perturbative string dynamics 
is well-defined. Although adding D3-branes induces a power-law type singularity at 
short distance, one can still use the AdS/CFT dictionary to relate the blown-up 
cycles to deformations of the dual quiver gauge theory close to the UV conformal 
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fixed point. In particular, we identify the non-mesonic dimension-two real scalar 
operator that acquires a vev, thereby generalizing the state/operator correspondence 
for the resolved conifold over T 11 [TJ] and T 11 /Z2 [H] to resolved cones over the 
L abc spaces. On the other hand, blowing up a 4-cycle corresponds to a dimension-six 
non-mesonic scalar operator getting a vev. 

The resolved cones over the cohomogeneity-two L abc spaces support various har- 
monic (2, l)-forms, some of which depend nontrivially on three non-azimuthal coordi- 
nate directions. These forms can be further generalized by a multiplicative function, 
so long as the exterior derivative of this function satisfies a certain orthogonality 
condition. In particular, there are harmonic (2, l)-forms which depend on continu- 
ous parameters. 3-forms carrying nontrivial flux correspond to fractional D3-branes, 
while those which do not correspond to giving a vev to a dimension-six operator. 

For the D3-brane solutions constructed with resolved cones over L abc , we have 
restricted ourselves to the case in which the D3-branes are smeared over the blown- 
up cycle. As we already mentioned, this yields to a power-law singularity at short 
distance. For solutions involving a 3-form field, one may be able to smooth out this 
singularity by a complex deformation of the Calabi-Yau space that results in a blown- 
up 3-cycle. Although it has been shown that there are obstructions to the existence 
of complex deformations of cones over Y pq spaces, there are other subsets of the L abc 
cones which do allow for complex structure deformations [371 EEJ EG]. It would be 
useful to construct the explicit metrics describing these deformed L abc cones, as well 
as the non-singular supergravity solutions that describe fractional D3-branes on these 
spaces. 

Alternatively, one can consider stacking the D3-branes at a single point. For 
the case of the resolved conifold, this has been shown to yield a completely regular 
solution [26J . Perhaps there are analogous constructions with the resolved cones over 
L abc . With the exceptions of T 1 ' 1 , T 1,1 /^ and Y 2,1 , the resolved L abc cones have 
orbifold singularities. Although these singularities will remain there when D3-branes 
are stacked at a single point, perturbative string dynamics is well-defined on such 
backgrounds. 

One can also consider fibering a D3-brane worldvolume direction (which need not 
be compact) over a resolved L abc cone in such a way that the resulting geometry 
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only has orbifold-type singularities. For the case of the resolved conifold, such a 
D3-brane solution has already been constructed and is completely regular, and it is 
also supersymmetric [16]. The corresponding D3-brane solutions for the resolved L abc 
cones are currently being investigated [47J. 

We also discussed the geometry of higher- dimensional Calabi-Yau spaces with 
blown-up cycles, as well as the various harmonic forms which live on them. In par- 
ticular, we have found that eight- dimensional resolved cones over the L pqrs spaces 
support harmonic 4-forms that are square integrable. They can be used to construct 
M2-brane solutions of eleven-dimensional supergravity which have only orbifold-type 
singularities. Unfortunately, not much is known about the dual three-dimensional 
M = 2 gauge theories, other than that they flow from a UV conformal fixed point to 
a confining phase in the IR region. 

Lastly, the type IIB supergravity backgrounds dual to certain marginal deforma- 
tions {(3 deformations) of the conformal fixed point of the Y pq and L abc quiver gauge 
theories were obtained in [48, 52J. The solution-generating method works for any 
gravity solution with U(l)xU(l) global symmetry. It might be interesting to see if 
these deformations can be applied to the gravity solutions discussed in this paper, 
since they possess the necessary global symmetry. 
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A Complex structure and first-order equations 

In this appendix, we construct Ricci-flat Kahler spaces in dimension D = 2n + 4, 
built over an Einstein-Kahler base space of real dimension 2n with metric dY? n . We 
normalise this metric so that it satisfies Rij = 2(n + l)gij. Its Kahler form will be 
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written as J = \dA. We may also assume that it admits a holomorphic (n, 0)-form 
Q, satisfying (see, for example, section 4 of [23] ) 

dQ = i(n + l)AAQ. (A.l) 

The ansatz for the (3n+4)-dimensional Ricci-flat Kahler metrics will be 

ds 2 = u 2 dx 2 + v 2 dy 2 + a 2 (dT+f 1 a) 2 + b 2 (dT+f 2 a) 2 + c 2 dT 2 n , (A.2) 

where a, b, c, u, v, fx and / 2 are functions of x and y, and 

a = dip + A. (A.3) 

We define the vielbein 

e 1 = udx , e 2 = a(dr + fia) , e 3 = udy , e 4 = b(dT + f 2 a) , e* = ce* , 

(A.4) 

where e l is a vielbein for the Einstein-Kahler base metric dY? n . 
We make the ansatz 

J = e 1 Ae 2 + e 3 Ae 4 + c 2 J (A.5) 
for the Kahler form. It is then natural to define a complex vielbein by 

? = e 1 +ie 2 , e 2 = e 3 +ie 4 , e i = ce < , (A.6) 

where e l is a complex vielbein for the base metric cE 2 . We also make the ansatz 

tt = e laT+i ^ c n e 1 Ae 2 Att (A.7) 

for the holomorphic (n+2, 0)-form. The conditions for ds 2 to be Ricci flat and Kahler 
are then given by 

dJ = , dfl = . (A.8) 
One immediately finds that the constant j3 should be chosen to be 

p = n+l. (A.9) 

However, the constant a can be left arbitrary. 



28 



We now obtain the first-order equations: 

d,J = 0: (6u)'-(au)'=0, (c 2 )'-2auf l = , (c 2 )-2bvf 2 = , 
dfi = 0: auvd n -(av(f i )'-(bud t y=0, 

a6Mc n / 2 -(n + l)6Mc n + [a6c n (/ 1 -/ 2 )]' = 0, 

aavc n f 1 -(n+l)avc n -[abc n (f 1 -f 2 )] = 0. (A.10) 

The constant a appearing in the first-order equations flA.101) is always trivial, in the 
sense that it can be set to any chosen non-zero value without loss of generality. To 
see this, we perform the following rescaling of coordinates and functions: 

i ^ Ai, y — > Xy , r^Ar, 

c-Ac, /i-A/i / 2 ^A/ 2 , (A.ll) 

whilst leaving the functions a, b, u and v unsealed. It can be seen that the effect of 
these rescalings is to scale the metric ds 2 in (1A.2I) according to 

ds 2 ^\ 2 ds 2 . (A.12) 

The rescalings have the effect of replacing a by Xa in the first-order equations (lA.lOjl . 
thus giving 

d,J = 0: (bu)'-(au)'=0, (c 2 )'-2auf 1 = 0, (c 2 )'-2bvf 2 = , 
dtt = : Xa uvc 11 - (avc n )' '- (buc n ) = , 

Xabuc n f 2 -{n + l)buc n +{abc n {f 1 -f 2 )}' = 0, 

Xaavc n f 1 -(n + l)avc n -[abc n U\-f2)}= 0. (A.13) 

Since a rescaling of a Ricci-flat metric by a non-zero constant leaves it Ricci-flat, it 
follows that the constant A can be chosen at will, and so no generality is lost by 
setting a to any desired finite and non-zero value. 
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B Separability of Laplacian on Calabi-Yau metrics 

We consider the Calabi-Yau metrics obtained in [211 [22] . The metric can be expressed 
as 

n rU dr 2 Y n ~ 1 n 

/_i=l p p i=0 

n—1 n 

8=1 I/=l 

where VFj is defined by 

n n—1 

H(l+ qXlM )=J2W iq i+1 . (B.2) 

At=l i=0 

It turns out that the equation \3H = is separable in the x u coordinates, where □ 
is the Laplacian taken on the above metric. (The separability for the more general 
non-extremal Kerr-NUT-AdS metrics was shown explicitly in [4~3l HU H5]. Making 
the ansatz 

n n—1 

H = ( II exp (2i ^(-l)Wn-i-i) , (B.3) 

H=l ' i=0 

for the harmonic function, we find that the H^(x a ) satisfy 

(W"( = 0, (B.4) 

^ 4 = 1 

where a prime on iJ u or X M denotes a derivative with respect to its argument x n . 
The system thus has 2n—l independent separation constants ao, a>i, ■ ■ ■ a n -i an d 
bo, bi, . . . , b n -2- 
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